In fact, the above theorem is a weak version of a general conjecture of Shiffman [J] which asked: whether a compact complex manifold N is Moishezon if and only if there exists a rf-closed (1, l)-current satisfying the conditions (i) and (iii) above. The conjecture is to generalize the well-known Kodaira embedding theorem in terms of currents and it is still unknown. Some partial results have been obtained [J] : if M is complex torus, Shiftman's conjecture is true; if S is a set of isolated points, Theorem 1.1 follows from an extension theorem of Miyaoka [M] ; if S is special in some sense, Theorem 1.1 is also true. All of these results are proved by smoothing of currents technique, and depends on a fact that the top degree Chern number (c\ ([ω]) n , M) > 0. However, it is easy to find an example of a current ω satisfying (i), (ii) 335 and (iii) but its top degree Chern number is negative. So the method of smoothing currents cannot prove Theorem 1.1.
Recently, Demailly introduced a very useful notion of singular Hermitian metric on a holomorphic line bundle [D2] and he proved many interesting results. One of them [D2, Proposition 4.2 (b)] is that if M is a projective algebraic manifold of w-dimension with a Kahler form σ and if L is a holomorphic line bundle over M, then L admits a singular Hermitian metric with c(L) > eσ if and only if the Kodaira dimension κ(L) = n. We observed that this result is in fact the special case of Shiffman's conjecture in which M is projective algebraic (Lemma 2.1). Thus we want to modify Demailly's idea to prove Theorem 1.1. The Demailly's proof is based on the standard L 2 -estimate of Ί) over Stein or projective algebraic manifolds. However, in our problem, M is only a compact complex manifold. By observing that M -S is complete Kahler (Lemma 4.1), instead of using the 
and let ω be smooth on M-S for some proper analytic subset S c M. Then there exists a holomorphic line bundle L over M with a singular metric h such that and h\M~s is smooth, i.e., for any point in x e M, there is a neighborhood U of x in M such that the weight hu of the singular metric h is smooth on U -S.
Let L be a holomorphic line bundle over M admitting a singular metric h such that the curvature current c(L, h) > 0. For any x e M, let hu be the weight of the metric on a neighborhood U of x, we define the Lelong number with respect to the singular metric by
which is an analytic subset by a well-known theorem of Siu [Si] .
]). If φ is a plurisubharmonicfunction on M, then e~2 φ is integrable in a neighborhood of x e M if v(φ, x) < 1, and e~2Ψ is non-integrable on any neighborhood of x if
υ(φ, x)>n. Let M be a complex manifold of dimension n with a Kahler metric ω. We shall use the same notation ω to denote the associated Kahler form. Denote dV ω = ω n /n\ to be the volume form of (X, ω).
and its adjoint operator Λ is defined by
for all a e t\ p > q T*M, β e /\P-
Here ( , ) is the inner product given by ω.
Let L be a holomorphic line bundle over X. Then these operators ω and Λ can be extended to the space of L-valued (p, q) where \ \ is defined with respect to h and ω.
The above lemma leads to a general L 2 -estimate for <9 for any holomorphic line bundle with singular metric as follows.
Let M, ω be as in Lemma 3.4 above. Let L be a holomorphic line bundle over M with a singular Hermitian metric h . Suppose
c(L,h)>0
in the sense of currents. Now take and fix any smooth Hermitian metric ho and L; then on each open subset U such that L\u is trivial, the weight Ao,t/ of ΛQ is a smooth function on U. Define on each such U a function
It is easy to see that we have in fact defined a function ψ on M globally such that <P\u = Ψu
Since c(L, h) > 0, by the proof of Lemma 2.1, we see that any weight hu of the metric h is plurisubharmonic, then the function φ is obviously locally a sum of a C 2 -function and a plurisubharmonic function. Then from Lemma 3.4 we obtain COROLLARY 3.6. Let M, ω 
c(L, h)(v , v) > εω(v, v),
for any test form υ . Since
c{L, e-*h o )(v, υ) = \c(L, h 0 ) + = c(L, h)(v, υ), we see that c(L, e~φho){v , v) > εω(v , v).
Therefore by (3.1) we have the estimate for any ae f\ n > q T*M®L.
Complete Kahler metric on M -S.
In order to prove Theorem 1.1, we wish to apply Lemma 3.4 to X -S. In general, X -S may not be complete Kahler, but together with the ^-closed (1, 1)-current ω satisfying (ii) and (iii), we can construct a complete Kahler metric on M -S. The proof is analogous to [Dl, Proposition 1.6]. Put ώ = Cω -\ΓΛdd s J-ψ, which is a smooth form onM-S and is a current on M. We claim that we can choose the constant C > 0 large enough such that (4.4) (C-l)ω+ "f^βv >o
In fact, since y is continuous on Λf and ω > εσ on M (cf. (iii) in §1), and since X is compact, we can find a constant number C > 0 such that (C-l)βσ>-x-J= onM.
Then on M in the sense of currents. Thus (4.4) is proved. From (4.4), it yields
Then ώ is complete Kahler by the same argument of [Dl, proof of Proposition 1.6]. For the reader's convenience, we still give the proof: let δ (resp. δ) be the geodesic distance associated to ω (resp. ώ). 
JM-S JM-S
Then we claim that u can be extended as a smooth L m -valued (n, 0)-form on M. In fact, we apply Lemma 5.1 to prove it. Since v is a smooth L m -valued (n, 0)-form on M, it is sufficient to show that \/x eS, there is a neighborhood £/ = 17* of x in M such that \u\ljdVu <oo u-s where dV υ is the Euclidean volume form on U with respect to a coordinate system and the norm | \u is with respect to dVjj and h. Recall ω>eσ, and ΨQ is smooth near S it yields / \u\jjdVu = / \u\\jdVu < constant / \u\ 2 e-2ψ odV ω Ju Jus Jus
The claim then is proved by the regularity theorem. Also we claim that \u(z)\ = o(\z -x o \) near χ o I* 1 fact, it is true by the fact that j M _ s \u\ 2 e~2 ψ o dV < oo, and that e~2 ψ o is nonintegrable near XQ , and that u is holomorphic near x 0 Therefore /:= χPg-ueH° (M, K M ®L m ) has the prescribed 1-jet Pg at JCQ. Thus the Kodaira dimension of KM®L m = n. Hence M is Moishezon. D
Proof of Theorem 1.2. By the similar procedure as above, replacing M -S by M, we can apply Corollary 3.6 and Remark 3.7 to know that M is Moishezon if and only if there is a (1, l)-form ω satisfying (i) and (iii). Since M is Kahler, by Moishezon's theorem [Mo] , it is equivalent to M being projective algebraic. Then Theorem 1.2 follows. D
Projectivity of a class of Moishezon manifolds.
In 1983, Harvey and Lawson proved a characterization theorem for Kahler manifolds [HL] , that is, a compact complex manifold is Kahler if and only if there exists no nontrivial positive current which is a bidimension (1, l)-component of a boundary. They also raised several general problems. One of them [HL, §5, problem 2] is as follows: describe the class of compact complex manifolds which satisfy that if there exists a non-trivial positive current which is the bidimension (1,1 )-component of a boundary, then there exists a non-trivial positive smooth current which is the bidimension (1, 1)-component of a boundary. We denote this class by %?. The significance of this problem is that to test whether a given manifold in %f is Kahler; it suffices to check the pointwise non-negative, smooth (n -1, n -1)-forms, to see if one is a boundary.
It is worth remarking that investigating the obstruction of a Moishezon manifold to be projective algebraic is an interesting problem in the theory of compact complex manifolds. Classically we know that there is no obstruction for compact complex surfaces (Chow-Kodaira [CK] ) and for complex tori (Lefschetz [W] ). Moishezon's theorem [Mo] just means that this obstruction is equivalent to that the manifold is non-Kahler. Recently Peternell showed that this obstruction for 3-dimensional complex manifolds is a positive integral linear combination of irreducible curves which is homologous to zero.
As an important example in /,we point out that if (X, Y, /) is any analytic compact smooth family of curves with Kahler base space Y, then X is in %?. Here we say that (X, Y, /) is an analytic compact smooth family of curves if X and Y are compact connected complex manifolds, and /: X -• Y is a surjective holomorphic map which is everywhere of maximal rank such that each fiber X y = /~~1 (y) is a connected smooth curve for any y e Γ. Notice that in this case / is a submersion. For any analytic compact smooth family of curves (X, Y, /) with Kahler base space Y, we know X e & by [HL, Theorem (17) °°].
Proof of the Theorem 1.3. By applying Moishezon's theorem [Mo] that a Moishezon manifold is projective algebraic if and only if it is Kahler, it suffices to show: if X is a Moishezon manifold, then X is a Kahler manifold. Suppose X is non-Kahler. By the result of Harvey and Lawson [HL, Proposition (12) and Theorem (14) may not be smooth. Since X is Moishezon, there exists a modification π: X -• X such that jthe manifold X is projective algebraic. Let σ be a Kahler form on X.
We claim that the push-forward current σ := π*σ is a J-closed (1, l)-current on X satisfying the following property: for any point a e X, there exists a neighborhood U of a in X with a local coordinates system (C/, z 1 , ... , z n ) and a positive constant C such that (6.1) on U in the sense of currents. In fact, for any point a e M, we can find a neighborhood U of a in M with a local coordinate system (U, z 1 , ... , z n ) and a constant C > 0 such that σ-Cπ* ίf^^^dzJ AdzJ J >0
on π-^t/) in the sense of currents. Then on U, we see π*<7 -Cπ*π*(]Γ" =1 \ΓΛdz } ' Λd~z J ) > 0 in the sense of currents. So we have σ = π*σ > Cπ*π*(Σ* =1 \ί z Λdzi Λ dz O > C ΣJ =1 yΓΛdz* Λ ^ on £/ in the sense of currents. The claim (6.1) is then proved.
We define the smoothing σ ε as follows: Let {ί/;}i<κ be any finite open covering of X and {φi}\<i< q be any partition of unity subordinate to {Ui}ι<i< q . Suppose that every £/ z is a coordinate chart and that Uf is identified with a unit ball with center OGC" with respect to the coordinate chart. On each [//, since it is biholomorphic to the open unit ball, we can write Because fi -fj is pluriharmonic on C/, Π Uj, Vi ^ j, it implies that y^ = yj is smooth. Then we define a global d-closed smooth real (1, l)-foπn P on X because P\ v . = y/-r ΐd'dγf i=ι φi(hj -Λ/) i.e., we have σ = P + y/^YliΨifi-Then smoothing <τ ε of σ, a ^/-closed real (1, l)-form on X, is defined by w=l where χ if£ is the standard approximation of identity defined on t/ f .
Since σ ε -a = V^θ<9{Σf =1 (;t/,ε * {ψifi) -(ί?/.//))} > it follows that
[σ] = [σ ε ]eH ι > ι (X,R) and σ e -+σ, as ε -> 0 in the sense of currents. By the facts that X is compact and that T is smooth, we can make the following computation: where we used the fact that σ ε is ^-closed.
On the other hand, the following claim leads to a contradiction and it completes the proof of the theorem: (6.2) (σ,Γ)>0.
In fact, let the open covering {Ui}\<i< g of X and a partition of unity {<Pi}ι<i< q subordinate to {£//}i<κ# be as before. Since T is non-trivial and σ satisfies the property (6.1), we assume that the form ψ\T Φ 0 and that a > Cγ^J =ι \ΓΛdzjNd~Zj on U\ for some positive constant number C in the sense of currents. Then ι=l We claim that for each /, 1 < i < q, (σ, φ{Γ) > 0. In fact, let Xi y6 be the standard approximation of identity defined on t/, . Then (σ, ψiT) = lim β _o(/ϊ,ε * σ ? ΨiT)-Notice that /,->e * σ is a positive C°°(l, l)-form on Ui for any ε > 0, and that ^/Γ is positive (n -I, n -l)-current on C// it follows that (//, e * σ, ^/Γ) is nonnegative. The claim then is verified by letting ε go to zero. Therefore, we have shown (6.3) (σ,Γ)>(σ,^Γ).
For the positive current (T-C^" =1 \ΓΛdzjί\d~2Γj on C/j, by applying the same method, we know (σ -C Σy = i yf-\dzjt\d~Tj, ^Γ) > 0, i.e., 
